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Ground-state entanglement in coupled qubits
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We study a system of qubits that are coupled to each other via only one degree of freedom
represented, e.g., by σz-operators. We prove that, if by changing the Hamiltonian parameters,
a non-degenerate ground state of the system is continuously transformed in such a way that the
expectation values of σz operators of at least two coupled qubits change, this ground state is entan-
gled. Using this proof, we discuss connection between energy level anticrossings and ground state
entanglement. Following the same line of thought, we introduce entanglement witnesses, based on
cross-susceptibilities, that can detect ground state entanglement for any bipartition of the multi-
qubit system. A witness for global ground state entanglement is also introduced.
I. INTRODUCTION
Entanglement is considered to be an essential property
required for quantum computation [1, 2]. It has been
shown that a pure state quantum computation that does
not possess some minimum level of entanglement can be
efficiently simulated by classical computers [3, 4].
For a pure state, entanglement can be defined in the
following way [1]. Consider an arbitrary bipartition of
the system S into two parts A and B, with Hilbert spaces
HS and HA,B, respectively. The system S described by
a wave function |Ψ〉 ∈ HS is entangled if there exists at
least one bipartition A and B such that |Ψ〉 cannot be
represented as a tensor product |ΨA〉⊗ |ΨB〉 of the states
|ΨA〉 ∈ HA and |ΨB〉 ∈ HB . By this definition, if an
N qubit system is not entangled, then it is completely
separable: |Ψ〉=⊗Ni=1 |ψi〉, where |ψi〉 is a single qubit
wave function in the Hilbert space of qubit i. One can
also define entanglement for a particular bipartition when
|Ψ〉 is not separable relative to that partition. Global
entanglement is defined when |Ψ〉 is not separable for
any bipartition.
Entanglement is usually characterized by measures and
witnesses [1, 5–10]. A measure of entanglement provides
a quantitative characterization for the amount of entan-
glement. A witness of entanglement, on the other hand,
provides a sufficient but not necessary condition for en-
tanglement. Usually, the condition is written in a form
of an inequality. If the inequality is satisfied, the system
is entangled, but if it does not, the system may or may
not be entangled. Witnesses are constructed in such a
way that they can be measured in practice [11, 12].
Experimentally, entanglement is commonly detected
by quantum state tomography [13] or by measuring cor-
relations between different parts of the system that are
not allowed by classical physics [14, 15]. Most experi-
ments involve preparing the system in a particular state
by turning on interactions between the subsystems, but
performing measurements when there is no interaction
between the qubits. This is different from detecting en-
tanglement when the interaction between the subsystems
is always present. Detecting entanglement in that case,
for example, when the system is in an eigenstate of a
Hamiltonian, requires a different approach. Any such
approach is inherently restricted by experimental limita-
tions: the ability to measure qubits in a particular basis,
limitations in time domain control, etc.
Spectroscopy is one of the tools that has been used
to detect coherence and entanglement in multi-qubit sys-
tems [16–18]. In these measurements, observation of an
anticrossing between two energy levels is taken to be an
evidence for eigenstate superposition or entanglement.
While this is intuitively clear, to our knowledge there
is no mathematical justification to support it. In this pa-
per, we prove a theorem that relates anticrossings with
ground state entanglement for a system of qubits with
pairwise coupling via a single degree of freedom.
Magnetic susceptibility has also been used to detect en-
tanglement [19]. An entanglement witness using a sum
of susceptibilities taken along x-, y-, and z-directions has
been proposed in Ref. [20] and measured in Refs. [21, 22].
The witness requires measurements of average values of
spin projections in all three dimensions. This becomes
problematic when only one component of the spin pro-
jection can be measured, unless the system is isotropic
[23]. Here, we introduce witnesses, based on only one
component of the susceptibility, to detect ground state
entanglement. No detailed knowledge of the Hamilto-
nian, except that the qubits are pairwise coupled via σz-
operators, is needed. These witnesses can provide useful
tools for experimental demonstration of entanglement in
a quantum annealing processor [24, 25].
The paper is organized as follows. In Sec. II we prove
that anticrossing of energy levels can be considered as
a signature of entanglement. Susceptibility-based entan-
glement witnesses are described in Sec. III and conclu-
sions are provided in Sec. IV.
II. ANTICROSSINGS AND ENTANGLEMENT
Observation of avoided crossings or anticrossings be-
tween two energy levels have been used as evidence for
coherent superposition [16] and entanglement [17, 26].
It is intuitively evident that at the center of an avoided
crossing the eigenstates of the many-qubit system are su-
2perpositions of the two crossing states and therefore can
be entangled. If all terms in the Hamiltonian are known,
one can easily check by exact diagonalization whether or
not the eigenstates are entangled. But without the exact
knowledge of the Hamiltonian, is it possible to conclude
anything about the entanglement?
Consider a system of qubits described by the following
Hamiltonian
H =
N∑
i=1
Hi +
1
2
N∑
i,j=1
Jijσ
z
i σ
z
j , (1)
where N is the number of qubits, Hi is a single qubit
Hamiltonian acting on the i-th qubit, Jji = Jij , and
Jii = 0. Operators σ
z
i acting in the many-qubit Hilbert
space are defined as
σzi ≡ ⊗
N
k=1oˆk, oˆk =
{
σz if k = i
I if k 6= i
(2)
where I is a 2×2 identity matrix and σz is a standard
Pauli matrix, σz =
(
1 0
0 −1
)
. We assume no knowledge of
Hi and the exact values of Jij . The only knowledge is
that the qubits are coupled via σzi -operators. In general,
H is a function of a set of external parameters which
we collectively denote by λ. These parameters are, for
example, external voltages, currents, or fluxes applied to
the physical qubits.
Let |Ψ0(λ)〉 be the ground state of H(λ), and
〈σzj 〉 ≡ 〈Ψ0|σ
z
j |Ψ0〉.
Theorem: Consider Hamiltonian (1) that has at least
one nonzero coupling and is a continuous function
of λ ∈ Λ, where Λ is a connected region in the pa-
rameter space. If |Ψ0(λ)〉 is a completely separable
non-degenerate ground state of H(λ), then for every pair
{i, j} of qubits with Jij 6= 0, there is at least one average
spin projection, 〈σzi 〉 or 〈σ
z
j 〉 or both, which does not
change with λ.
We provide a proof for this theorem in appendix A. Here,
we only focus on its implications. The theorem states
that if there is at least one pair of coupled qubits i
and j (with Jij 6= 0) for which the expectation values
〈σzi 〉 and 〈σ
z
j 〉 of both qubits simultaneously change when
the Hamiltonian parameters change, and if the system
stays in a unique eigenstate during this change, then that
eigenstate should be entangled.
The best example is when the ground state of the sys-
tem goes through an anticrossing as the parameters are
varied. Consider the transverse Ising Hamiltonian
HTI = −
1
2
∑
i
∆iσ
x
i −
∑
i
hiσ
z
i +
∑
i<j
Jijσ
z
i σ
z
j , (3)
where σxi are defined similar to σ
z
i in (2). We focus
on a system of ferromagnetically coupled qubits with
Jij = −J , all subject to a uniform energy bias hi = h.
When h = −h0 < 0 is a large negative number, the state
of the system will be close to the ferromagnetically or-
dered state |↓↓ ... ↓〉. On the other hand for large positive
values, h = h0 > 0, the state of the system will be close to
|↑↑ ... ↑〉. In this example, h plays the role of λ. Clearly
at λin = hin = −h0, all qubits have 〈σ
z
i (λin)〉 ≈ −1 in
the ground state and at λfin = hfin = h0, all qubits have
〈σzi (λfin)〉 ≈ 1. Therefore the ground state expectation
value of σzi changes for all qubits. Now, if in chang-
ing from λin to λfin the system goes through an anti-
crossing, it means that one can continuously change the
ground state of the system without going through any de-
generacy, i.e., the ground state remains non-degenerate
all through the change. In that case, the above theo-
rem states that the ground state of the system has to go
through an entangled state during this evolution unless
all qubits are uncoupled (Jij = 0, ∀ i, j). The latter can
be easily checked if instead of applying a uniform bias to
all qubits, one applies a bias to only one of the qubits.
In that case, if the qubits are uncoupled, only 〈σzi 〉 of the
qubit to which the bias is applied will change and the
other qubits remain unaffected. Therefore, if by apply-
ing a bias to one qubit, the expectation value 〈σzi 〉 for
all other qubits get affected, then the qubits should be
coupled. Observation of such an anticrossing, therefore,
is evidence for the existence of entangled ground state.
Notice that knowledge of the exact values of Jij or any
other Hamiltonian parameters is not necessary to prove
ground state entanglement.
III. SUSCEPTIBILITY-BASED
ENTANGLEMENT WITNESSES
The theorem in the previous section suggests a close
relation between entanglement and susceptibility. Let us
define susceptibility of qubit i to λ as
χλi = ∂ 〈σ
z
i 〉 /∂λ. (4)
The theorem states that for two coupled qubits, Jij 6= 0,
if both susceptibilities χλi and χ
λ
j are nonzero, then the
state is entangled. This suggests introducing
Wλ =
∑
ij
|Jijχ
λ
i χ
λ
j |, (5)
which is zero if the state is completely separable. A
nonzero value of Wλ means that at least for one pair of
qubits, all three Jij , χ
λ
i , and χ
λ
j are nonzero and there-
fore the system is entangled. The inequality Wλ > 0,
therefore, is a sufficient condition for entanglement. As
such, we consider Wλ as an entanglement witness, based
on our convention. The above witness, however, cannot
determine how many qubits are entangled to each other.
Even if only two qubits are entangled, the witness will
be nonzero.
One can generalize the above idea to introduce wit-
nesses that can distinguish any bipartite entanglement.
3For the rest of this section we focus on the transverse
Ising Hamiltonian (3), for which we can define the ground
state cross-susceptibility between qubit i and qubit j as
χij =
∂ 〈σzi 〉
∂hj
, (6)
For a Hamiltonian H with eigenstates |Ψn〉 and eigenval-
ues En, the susceptibility can be written as (see Ref. [27]
and also Appendix B)
χij =
∑
n>0
〈Ψ0|σ
z
j |Ψn〉 〈Ψn|σ
z
i |Ψ0〉
En − E0
+ c.c. (7)
Here, c.c. means the complex conjugate of the previous
expression.
Consider an arbitrary bipartition of the system S into
two parts A and B, S=A∪B. Recall that these two parts
are separable if the wave function of S can be written as
|Ψ0〉 = |Ψ
A
0 〉⊗ |Ψ
B
0 〉, otherwise, they are entangled. Our
first goal is to define a witness that can detect entangle-
ment between A and B when |Ψ0〉 is a non-degenerate
ground state of H . Let us introduce
W˜AB =
∑
i∈A,j∈B
Jijχij . (8)
Using (7), we can write
W˜AB =
∑
n>0
1
En − E0
×
∑
i∈A,j∈B
Jij 〈Ψ0|σ
z
j |Ψn〉 〈Ψn|σ
z
i |Ψ0〉+ c.c. (9)
It is clear that W˜AB is not only a function of the ground
state, |Ψ0〉, but also a function of all other eigenstates.
However, as we shall see, it can still be used to detect the
ground state entanglement.
Let us assume that the ground state is separable,
|Ψ0〉 = |Ψ
A
0 〉⊗ |Ψ
B
0 〉. We introduce two reduced vectors,
|Ψ˜An 〉 = 〈Ψ
B
0 |Ψn〉 ∈ HA, |Ψ˜
B
n 〉 = 〈Ψ
A
0 |Ψn〉 ∈ HB .
(10)
Due to orthogonality of the ground and excited states,
〈Ψ˜An |Ψ
A
0 〉 = 0, 〈Ψ˜
B
n |Ψ
B
0 〉 = 0.
By definition, |Ψ0〉 is an eigenstate of (3), thus
(HA +HB +
∑
i∈A,j∈B
Jijσ
z
i σ
z
j ) |Ψ0〉 = E0 |Ψ0〉 . (11)
Here, HA and HB describe the subsystems A and B,
respectively. We can multiply Eq. (11) by 〈Ψ˜Bn | to obtain∑
i∈A,j∈B
Jij 〈Ψ˜
B
n |σ
z
j |Ψ
B
0 〉σ
z
i |Ψ
A
0 〉 = −〈Ψ˜
B
n |HB|Ψ
B
0 〉 |Ψ
A
0 〉 .
Multiplying by ⊗ |ΨB0 〉 and using the definition of |Ψ˜
B
n 〉,
we find∑
i∈A,j∈B
Jij 〈Ψn|σ
z
j |Ψ0〉σ
z
i |Ψ0〉 = −〈Ψ˜
B
n |HB|Ψ
B
0 〉 |Ψ0〉 .
Taking complex conjugate of all terms we get∑
i∈A,j∈B
Jij 〈Ψ0|σ
z
j |Ψn〉σ
z
i |Ψ0〉
∗
= −〈ΨB0 |HB|Ψ˜
B
n 〉 |Ψ0〉
∗
,
where |Ψ0〉
∗
is a vector with each component being the
complex conjugate of the corresponding component in
|Ψ0〉. If the Hamiltonian is real in the computation ba-
sis, H = H∗, i.e., only contains σxi and σ
z
i matrices
with real coefficients, then H |Ψ0〉
∗
= E0 |Ψ0〉
∗
. There-
fore, |Ψ0〉 and |Ψ0〉
∗ should be proportional to each
other, |Ψ0〉
∗
= eiϕ0 |Ψ0〉 , (up to a constant phase fac-
tor eiϕ0) provided that the ground energy level E0 is
non-degenerate. Replacing |Ψ0〉
∗
with |Ψ0〉 and applying
〈Ψn| from the left, we get∑
i∈A,j∈B
Jij 〈Ψ0|σ
z
j |Ψn〉 〈Ψn|σ
z
i |Ψ0〉 = 0. (12)
Comparing with the second line of (9), we find W˜AB = 0.
Therefore, if the measurements show that W˜AB 6= 0, this
means that |Ψ0〉 is not separable relative to A and B
and therefore is entangled. This is true independent of
whether the excited states are separable or entangled.
Since susceptibility can be divergent, W˜AB is not
bounded. To have a witness that is bounded by 1 and
is independent of the number of the connections between
the subsystems A and B, it is useful to introduce
WAB =
|W˜AB|
NAB + |W˜AB|
, (13)
where NAB is the number of non-zero couplings between
subsystems A and B. From the above argument, a
nonzero value ofWAB means that the two parts A and B
are entangled in the ground state of the transverse Ising
Hamiltonian.
The witness WAB can only determine entanglement
between A and B. It cannot determine whether every
part of S is entangled with every other part. To detect
the global entanglement, one can use geometric averages
[9]. Suppose that there are Np possible bipartitions of S.
A global entanglement witness can be defined as
Wχ =
[∏
(W˜AB/NAB)
]1/Np
1 +
[∏
(W˜AB/NAB)
]1/Np . (14)
where
∏
denotes the product over all NP possible bipar-
titions of S. Similar to (13), Wχ is bounded by 1. A
nonzero value of Wχ means that all parts of S are en-
tangled to each other, therefore, the system is globally
entangled.
4IV. CONCLUSIONS
Ground state entanglement in a system of qubits that
are pairwise coupled to each other via a single degree of
freedom has been studied. We have presented a theo-
rem that relates eigenstate entanglement with anticross-
ing of the energy levels. We have introduced ground
state entanglement witnesses, based on susceptibility,
which can detect any bipartite entanglement as well as
the global entanglement. This approach enables experi-
mental demonstration of entanglement of coupled qubits
without detailed information of the system Hamiltonian.
In order to apply these results in experiments, one
needs to have access to spectroscopy, a method to mea-
sure ground state average of the spin projection opera-
tor, 〈σzi 〉, and a way to measure coupling strengths or at
least determine if they are nonzero. Information about
the dependence of 〈σzi 〉 on the Hamiltonian parameters
is important for the proof of entanglement via anticross-
ings as well as for the extraction of the susceptibilities
used in the entanglement witnesses. Usually, in exper-
iments σzi is measured in the thermal state. To assure
that the measurement provides a good approximation for
the ground state average 〈σzi 〉, it is important to have a
pronounced energy gap, in the spectroscopic data, be-
tween the ground and first excited states. The gap has
to be larger than the energy level broadening and tem-
perature to guarantee that the ground state remains the
only thermally occupied state during the measurement.
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Appendix A: Proof of the theorem
In this appendix, we provide a proof for the theorem
presented in Sec. II. First, we prove a few Lemmas.
Consider Hamiltonian H defined by (1).
Lemma 1: If H has a completely separable eigenstate
|Ψ〉 = ⊗Ni=1 |ψi〉, where |ψi〉 is a state in the Hilbert
space of the i-th qubit, then for each nonzero coupler,
Jij 6= 0, either |ψi〉 or |ψj〉 is an eigenfunction of the
σz-operator: σz |ψi〉 = zi |ψi〉 or σz |ψj〉 = zj |ψj〉, with
corresponding eigenvalues zi or zj (zi ∈ {0, 1}).
If |Ψ〉 is an eigenstate of H , then
H |Ψ〉 = E |Ψ〉 (A1)
We multiply both sides of (A1) by (⊗k 6=i,j 〈ψk|)⊗〈ψ˜j |,
where |ψ˜j〉 is a state orthogonal to |ψj〉: 〈ψ˜j |ψj〉 = 0.
Using (1) we find
Jij 〈ψ˜j |σz |ψj〉σz |ψi〉 = Ei(ψ˜j) |ψi〉 (A2)
where
Ei(ψ˜j) = −〈ψ˜j |Hj |ψj〉
−
∑
k 6=i,j
Jkj 〈ψk|σz |ψk〉 〈ψ˜j |σz |ψj〉 (A3)
Since Jij 6= 0, Eq. (A2) requires |ψi〉 to be an eigenfunc-
tion of σz unless if 〈ψ˜j |σz |ψj〉 = 0. The latter, however,
requires |ψj〉 to be an eigenfunction of σz . To see this,
we notice that the orthogonal set {|ψj〉 , |ψ˜j〉} forms a
complete set of bases in the Hilbert space of qubit j.
One can therefore write σz |ψj〉 = c1 |ψj〉 + c2 |ψ˜j〉. If
〈ψ˜j |σz |ψj〉 = 0, then c2 = 0 and therefore |ψj〉 should
be an eigenfunction of σz with eigenvalue c1 (= ±1). This
means that at least one of |ψi〉 and |ψj〉 is an eigenfunc-
tion of σz . 
From (A2) and (A3), it also follows that if |ψj〉 is an
eigenfunction of σz, then Ei(ψ˜j) = −〈ψ˜j |Hj |ψj〉 = 0.
Therefore, Hj should also be diagonal in the basis
{|ψj〉 , |ψ˜j〉}.
Lemma 2: Consider a state |Ψ〉 = |zi〉 ⊗ |Φ
i〉, where
|zi〉 is an eigenfunction of σz (zi ∈ {0, 1}) representing
the state of qubit i, and |Φi〉 is a state in the Hilbert
space, Si, of all qubits except the ith one. If |Ψ〉 is
an eigenstate of Hamiltonian (1), then all eigenstates
of H can be represented as either |Ψn〉 = |zi〉⊗ |Φ
i
n〉
or |Ψ¯n〉 = |z¯i〉⊗ |Φ¯
i
n〉, where z¯i = 1 − zi, and {|Φ
i
n〉}
and {|Φ¯in〉}, with n=1, ..., 2
N−1, are two independent
complete orthogonal sets in Si.
Multiplying both sides of (A1) by 〈Φ| ⊗ 〈z¯i| and using
〈z¯i|σz |zi〉 = 0, we find 〈z¯i|Hi |zi〉 = 0. This means that
Hi is diagonal in the basis {|0〉 , |1〉}, i.e., Hi |zi〉 = Ei |zi〉
and Hi |z¯i〉 = E¯i |z¯i〉. Defining |Ψn〉 = |zi〉⊗ |Φ
i
n〉
and |Ψ¯n〉 = |z¯i〉⊗ |Φ¯
i
n〉, with n=1, ..., 2
N−1, and using
σz |zi〉 = αi |zi〉, where αi ≡ 2zi − 1 (= ±1), we find
H |Ψn〉 = |zi〉⊗H
i
Φ |Φ
i
n〉 ,
H |Ψ¯n〉 = |z¯i〉⊗H¯
i
Φ |Φ¯
i
n〉 , (A4)
where
HiΦ = Ei +
∑
j 6=i
(Hj + αiJijσ
z
j ) +
1
2
∑
j,k 6=i
Jjkσ
z
kσ
z
j , (A5)
H¯iΦ = E¯i +
∑
j 6=i
(Hj − αiJijσ
z
j ) +
1
2
∑
j,k 6=i
Jjkσ
z
kσ
z
j . (A6)
From (A4), it is clear that if |Φin〉 is an eigenfunction
of HiΦ with eigenvalue En and |Φ¯
i
n〉 is an eigenfunction
of H¯iΦ with eigenvalue E¯n, then H |Ψn〉 = En |Ψn〉
and H |Ψ¯n〉 = E¯n |Ψ¯n〉. Since {|Ψn〉} and {|Ψ¯n〉} are
orthogonal to each other, and there are 2N−1 states in
each set, all 2N eigenstates of H are in these two sets. 
Proof of the theorem: Assume that H(λ) has a com-
pletely separable ground state |Ψ0(λ)〉 = ⊗
N
k=1 |ψk(λ)〉.
5We consider a pair {i, j} of connected qubits with
Jij 6= 0. It follows from Lemma 1 that at least one of
the two states, |ψi〉 or |ψj〉, should be an eigenstate of
the σz-matrix. We consider two points, λL = λ0 − δλ/2
and λR = λ0 + δλ/2, located in the close proximity of
an arbitrary point λ0 ∈ Λ. Without loss of generality,
we take |ψi〉 be a σz-eigenstate at λL: |ψi(λL)〉 = |zi〉.
Based on Lemma 1, either |ψi(λR)〉 or |ψj(λR)〉 should
be a σz-eigenstate. There are three possibilities:
(i) |ψi(λR)〉 = |zi〉. Thus, the direction of the i-th spin
does not change during the infinitesimal transition from
λL to λR : 〈σ
z
i 〉λ=λL = 〈σ
z
i 〉λ=λR = zi.
(ii) |ψi(λR)〉 = |z¯i〉 with z¯i = 1−zi. The flipping of the
ith qubit between λL and λR requires a crossing of energy
levels, in contradiction to the theorem conditions. To see
this, let us write
|Ψ0(λL)〉 = |zi〉 ⊗ |Φ
i(λL)〉 ,
|Ψ¯0(λR)〉 = |z¯i〉 ⊗ |Φ¯
i(λR)〉 , (A7)
where |Φi(λL)〉 and |Φ¯
i(λR)〉 are eigenstates of H
i
Φ(λL)
and H¯iΦ(λR) defined in (A5) and (A6):
HiΦ(λL) |Φ
i(λL)〉 = E0(λL) |Φ
i(λL)〉 ,
H¯iΦ(λR) |Φ¯
i(λR)〉 = E¯0(λR) |Φ¯
i(λR)〉 . (A8)
Since (A7) are the ground states of (1) at the two points,
we have
H |Ψ0(λL)〉 = E0(λL) |Ψ0(λL)〉 ,
H |Ψ¯0(λR)〉 = E¯0(λR) |Ψ0(λR)〉 . (A9)
According to Lemma 2 the following states,
|Ψ¯e(λL)〉 = |z¯i〉 ⊗ |Φ¯
i(λL)〉 ,
|Ψe(λR)〉 = |zi〉 ⊗ |Φ
i(λR)〉 , (A10)
describe excited eigenstates of the Hamiltonian H ,
H |Ψ¯e(λL)〉 = E¯e(λL) |Ψe(λL)〉 ,
H |Ψe(λR)〉 = Ee(λR) |Ψe(λR)〉 , (A11)
with eigenenergies E¯e(λL) ≥ E0(λL) and Ee(λR) ≥
E¯0(λR), which can be found from the equations
H¯iΦ(λL) |Φ¯
i(λL)〉 = E¯e(λL) |Φ¯
i(λL)〉 ,
HiΦ(λR) |Φ
i(λR)〉 = Ee(λR) |Φ
i(λR)〉 . (A12)
Since H is a continuous function of λ by definition,
HiΦ and H¯
i
Φ should also be continuous functions. Thus,
as λL → λR (δλ → 0) we have: H
i
Φ(λL) → H
i
Φ(λR)
and H¯iΦ(λL) → H¯
i
Φ(λR). This means that |Φ
i(λL)〉 →
|Φi(λR)〉 and |Φ¯
i(λL)〉 → |Φ¯
i(λR)〉. Comparing the first
line of (A8) and the second line of (A12), and vice versa.
we find that at λL = λR = λ0,
E0(λ0) = Ee(λ0), E¯0(λ0) = E¯e(λ0). (A13)
Since E0(λ0) and E¯0(λ0) both represent the ground state
energy at λ0, they should be equal, therefore,
E0(λ0) = E¯e(λ0) = E¯0(λ0) = Ee(λ0). (A14)
We note that the energy levels E0 and E¯0 correspond to
the eigenstates |Ψ0〉 and |Ψ¯0〉 distinguished by opposite
directions of the ith spin (see Eqs. (A7)). This means
that there needs to be a degeneracy at λ = λ0, in
contradiction with the original assumptions.
(iii) |ψj(λR)〉 = |zj〉. The ground states at λ = λL and
λ = λR are determined by
|Ψ0(λL)〉 = |zi〉 ⊗ |Φ
i(λL)〉 ,
|Ψ0(λR)〉 = |zj〉 ⊗ |Φ
j(λR)〉 . (A15)
Since H(λ) is continuous, one can use Taylor expansion
H(λL) = H(λR)−
[
δH(λ)
δλ
]
λ=λR
δλ. (A16)
Applying the perturbation theory we find the ground
state function at λ = λR,
|Ψ0(λL)〉 = |Ψ0(λR)〉 − δλ |Ψ
′
0(λR)〉 , (A17)
where
|Ψ′0(λ)〉 =
∑
n>0
〈Ψn(λ)|
δH(λ)
δλ |Ψ0(λ)〉
E0(λ) − En(λ)
. (A18)
A similar perturbation procedure can be applied to find
the function |Φi(λL)〉,
|Φi(λL)〉 = |Φ
i(λR)〉 − δλ |Φ
i′(λR)〉 . (A19)
Thus, for the function |Ψ0(λL)〉 (see the first Eq. (A15))
we obtain
|Ψ0(λL)〉 = |zi〉 ⊗ |Φ
i(λR)〉 − δλ |zi〉 ⊗ |Φ
i′(λR)〉 .(A20)
Comparing with (A17), taking into account (A15), to the
zeroth order perturbation, we obtain
|zi〉 ⊗ |Φ
i(λR)〉 = |zj〉 ⊗ |Φ
j(λR)〉 , (A21)
which can be true if
|Φi(λR)〉 = |z
j〉 ⊗ |Φij(λR)〉 ,
|Φj(λR)〉 = |z
i〉 ⊗ |Φij(λR)〉 , (A22)
where |Φij(λR)〉 belongs to the Hilbert space Sij of all
qubits except qubits i and j. Therefore,
|Ψ0(λR)〉 = |zi〉 ⊗ |zj〉 ⊗ |Φ
ij(λR)〉 . (A23)
Comparing with the first line in (A15) it is clear that
〈σzi 〉 does not change from λL to λR.
Looking back at all three cases, we see that for (i) and
(iii), 〈σzi 〉 does not change with λ as the theorem states,
while (ii) contradicts with the conditions of the theorem,
namely the non-degeneracy of the ground state. 
6Appendix B: Linear susceptibility
To calculate susceptibility using the non-degenerate
perturbation theory (at small external biases hj) we write
the Hamiltonian as H = H0 −
∑
j hjσ
z
j , where H0 is
the unperturbed Hamiltonian with eigenstates |Ψn〉 and
eigenvalues En. To the first order perturbation in hj , the
ground state of H is given by
|Ψ˜0〉 = |Ψ0〉 −
∑
j
hj
∑
n>0
〈Ψn|σ
z
j |Ψ0〉
E0 − En
|Ψn〉 . (B1)
One therefore obtains
〈Ψ˜0|σ
z
i |Ψ˜0〉 = 〈Ψ0|σ
z
i |Ψ0〉
−
∑
j
hj
∑
n>0
〈Ψ0|σ
z
j |Ψn〉 〈Ψn|σ
z
i |Ψ0〉
E0 − En
−
∑
j
hj
∑
n>0
〈Ψ0|σ
z
i |Ψn〉 〈Ψn|σ
z
j |Ψ0〉
E0 − En
.
The cross-susceptibility can be written as
χij =
∂ 〈σzi 〉
∂hj
=
∑
n>0
〈Ψ0|σ
z
j |Ψn〉 〈Ψn|σ
z
i |Ψ0〉
En − E0
+
∑
n>0
〈Ψ0|σ
z
i |Ψn〉 〈Ψn|σ
z
j |Ψ0〉
En − E0
. (B2)
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